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Abstract 
Arhangel’skii, A.V., The general concept of cleavability of a topological space, Topology and its 
Applications 44 (1992) 27-36. 
For different classes of spaces Y we investigate when a Tychonoff space X is cleavable over 
.q-which means that for every A c X there exists a continuous mappingf: X --i YE B such that 
f-If(A) = A. In particular, a cleavable space is a Tychonoff space which is cleavable over the 
class of all separable metrizable spaces. We consider the cases when Y consists of all metrizable 
spaces, or all stratifiable spaces, or all compact Hansdorff spaces, etc. 
Kqvwords: Cleavable space, paracompact p-space, metrizable space, network, stratitiable space, 
G,-diagonal, countable pseudo-character, tightness, FrCchet-Urysohn space, bisequential space, 
sequential space, sequentially compact space, Moore space, compact space, quasi-k-space, 
w-bounded space, Martin’s axiom. countably compact space, &-monolithic space, free sequence, 
a-space, symmetrizable space. 
AMS (MOS) Subj. Class.: 54C10, 54D15, 54D18, 54D55, 54E18, 54E20, 54E30, 54E35. 
The following definitions were introduced in [3] and in a particular case in [5]. 
Let 9’ be a class of topological spaces and let JM be a class of mappings. A space 
X is said to be &-cleavable over P, or (Jll, P)-cleavable, if for every subset A c X 
there exists a space YE 9 and a mapping f: X -+ Y such thatfE J!I andf-‘f(A) = A. 
The class of all spaces that are A-cleavable over 9” is denoted by (P)$ . If _4t is 
the class of all continuous mappings, we write “cleavable”, instead of “JU-cleavable”. 
In this case we also put (P)” = (P)$ . “Closed-cleavable” means “M-cleavable, 
where M is the class of all closed continuous mappings”. Similarly the meaning of 
open-cleavable, perfect-cleavable and quotient-cleavable are defined similarly. 
If Ju contains all homeomorphisms (and this we always assume in what follows), 
then 9’~ (P)G for any class 9 of spaces-so that the class (P); is an extension 
of the class PP. 
Some first results in these directions were obtained in [3] and [5]. In the present 
paper we continue this line of investigation. 
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Our terminology and notation are the same as in [9] and in [ 111. In particular, 
Nt is the set of all positive natural numbers; we write t(X) s NO if the tightness of 
X is countable. All mappings which we consider are assumed to be continuous. If 
no separation axioms are explicitly mentioned, the space is assumed to be regular 
and Hausdorff. 
A space is called cleavable if it is cleavable over the class of all separable metrizable 
spaces [5]. There is an interesting characterization of cleavable spaces in terms of 
C,,-theory [5]: 
Theorem 1. A Tychonofl space X is cleavable if and only if for every real-valued 
function f on X (not necessarily continuous) one can find a countable set A of continuous 
real-valued functions on X such that f is in the closure of A with respect to the topology 
of pointwise convergence. 
Example 2. Not every metrizable space is cleavable. Indeed, let Z = [0, l] be the 
unit segment with the usual topology and let Y be a discrete space of cardinality 
greater than 2”o. Then the product space X = Z x Y is not cleavable (see [5]). 
An interesting question was left open in [5]: 
Problem 3. Is it true that every cleavable Tychonoff space has G,-diagonal? 
The next three results going in the direction of Problem 3 were obtained by 
Arhangel’skii in 1986: 
Theorem 4. Zf a paracompact p-space X is cleavable over the class of all metrizable 
spaces, then X is metrizable. 
Theorem 5. Zf a space X is cleavable over the class of all Moore spaces (of all spaces 
with a uniform base) and if X can be mapped by a perfect mapping onto a Moore 
space (onto a space with a uniform base), then X is also a Moore space (a space with 
a uniform base). 
Recall that a u-space is a space with a a-discrete network. 
Theorem 6. Zf a space X can be mapped by a perfect mapping onto a u-space Y and 
if X is cleavable over the class of all u-spaces, then X is also a u-space. 
Recently a series of results lying in the same direction were obtained by 
Arhangel’skii and Shapirovskii. These include the following Theorems 7-9 and 11. 
Theorem 7. Zf a space X is cleavable over the class of all stratijable (semi-stratifiable) 
spaces and X can be mapped by a perfect mapping onto a stratijiable (semi-strati$able) 
space, then X itself is stratijable (semi-stratijiable). 
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Theorem 8. If a space X is cleavable over the class of all symmetrizable$rst-countable 
spaces and X can be mapped by a perfect mapping onto a space from this class, then 
X is also symmetrizable andjrst countable. 
Theorem 9. If a space X is cleavable over the class of spaces with G,-diagonal and 
there exists a mapping f of X onto a space with G,-diagonal such that all pre-images 
of points under f are Lindelof then X is also a space with G,-diagonal. 
The next assertion improves Theorem 4. It follows from Theorem 9 and the 
well-known result of Borges on the metrizability of every paracompact p-space with 
G,-diagonal (see [7]). 
Corollary 10. If a paracompact p-space X is cleavable over the class of spaces with 
GA-diagonal, then X is metrizable. 
Theorem 11. If a space X is cleavable over the class of spaces with a point-countable 
base (with a a-point-finite base, with a u-disjoint base) and X can be mapped by a 
perfect mapping onto a space with a point-countable base (with a a-point-finite base, 
with a u-disjoint base), then X has a point-countable base (a u-point-finite base, a 
u-disjoint base). 
We shall now consider in a greater detail a series of problems on cleavability 
centered around the notions of tightness, sequentiality, pseudo-character and cardi- 
nality. We start with the next assertion which heavily depends on the main result 
in [lo]. In what follows 7 is an infinite cardinal number. 
Theorem 12. If a compact space X is cleavable over the class of all spaces of cardinality 
not greater than T, then the cardinality of X is also not greater than r. 
It was established in [3] that every compact space which is cleavable over the 
class of spaces of countable tightness is itself a space of countable tightness. In the 
sequel this result will be improved in several directions. What is even more important 
is the next conjecture to which the last result and Theorem 12 provide a certain 
justification. 
Conjecture. For many natural classes 6 of spaces it should be true that if a compact 
space X is cleavable over B, then X belongs to P. 
This conjecture is supported by the following two facts. First, the “absolute” 
cleavability of a space X over a class P of spaces obviously consists in the existence 
of a one-to-one mapping of X onto a space in P. Second, every one-to-one mapping 
of a compact space onto a Hausdorff space is a homeomorphism. 
Observe the following obvious assertion: 
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Proposition 13. If a space X is cleavable over the class of spaces of countable pseudo- 
character, then the pseudo-character of X is countable. 
From Proposition 13 we easily obtain: 
Theorem 14. If a compact space X is cleavable over the class offirst-countable spaces, 
then X itself is jrst countable. 
It is not possible to omit in Theorem 14 the assumption that X is compact-there 
exists a nonfirst countable space which can be mapped by a one-to-one mapping 
onto a first-countable space. 
In the case of compact spaces, cleavability becomes closed-cleavability. We have: 
Theorem 15. If a space X is closed-cleavable over the class of all spaces of countable 
tightness, then the tightness of X is also countable. 
Proof. Take any XE X and AC X such that XE A. There exists a closed mapping 
f: X + Y such that t(Y) s KC, and {x} = f -‘f (x). We can find a countable subset 
B c A such that f (x) E f (B). As the mapping f is closed and {x} = f -‘f (x) we have: 
XEB. 0 
Arguing in a similar way we arrive at the next two results. 
Theorem 16. If a space X is closed-cleavable over the class of all Frechet- Urysohn 
spaces, then X is itself a Frechet- Urysohn space. 
Theorem 17. If a space X is closed-cleavable over the class of all bisequential spaces 
(see [ 12]), then X is also a bisequential space. 
From Theorem 17 we derive the next assertion which is due to KoEinaz: 
Corollary 18. If a compact space X is cleavable over the class of all Fre’chet- Urysohn 
spaces, then X is a Frechet- Urysohn space. 
Corollary 19. If a compact space X is cleavable over the class of all bisequential spaces, 
then X is a bisequential space. 
Corollary 20. Zf a k-space X is cleavable over the class of all Frechet- Urysohn spaces, 
then the space X is sequential. 
In particular Corollary 20 covers the case of Tech-complete spaces. 
Corollary 21. If a k-space X is cleavable over the class of all spaces of countable 
tightness, then the tightness of X is countable. 
Now we are going to discuss to what extent Theorem 15 and Corollary 18 can 
be generalized to sequential spaces and to countably compact spaces. The answers 
turn out to be nontrivial. 
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A subset A of a space X is said to be sequentially closed if no sequence of points 
of A converges to a point in X\Z. Sequential spaces are exactly those spaces in 
which every sequentially closed subset is closed. 
Clearly every countably compact subspace Y of any sequential Hausdorff space 
X is closed in X. Thus every mapping of a countably compact T,-space X into a 
Hausdorff sequential space is closed. Taking into account Theorem 15 we arrive at 
the following conclusion (which improves Corollary 18): 
Theorem 22. If a countably compact space X is cleavable over the class of all HausdorfS 
Frechet- Urysohn spaces, then X is also a Frechet- Urysohn space. 
The next theorem is one of our main results. 
Theorem 23. If a Hausdorff countably compact space X is cleavable over the class of 
all sequential Hausdorff spaces, then the space X is also sequential. 
To prove Theorem 23 we need a lemma. 
Lemma 24. If X is a Hausdorffspace of countable tightness such that every sequentially 
closed subset of X of cardinality ~2~0 is closed in X, then the space X is sequential. 
Proof. Let A = X be sequentially closed. Take any a E A. Since t(X) Q K, there 
exists a countable subset B = A such that a E B. Let [ lseq be the operator of sequential 
closure in X, i.e., x E [Ml_ iff there exists a sequence in M converging to x. Starting 
from B we apply w, times the operator [ I__. In this way we obtain a sequentially 
closed subset B” of X such that B c B* c l? Clearly if [Ml s 2”(1, then I[ M&l s 2Ku. 
It follows that ) B*l c 2 K~l. Hence B* is closed in X and a E B c p = B*. Since B c A 
and A is sequentially closed we have: B* c A. Hence a E A and the set A is closed 
in X. It follows that the space X is sequential. 0 
Proof of Theorem 23. Take any sequentially closed subset A of X such that IAl s 2N~. 
By Lemma 24 it will suffice to show that A is closed in X. By an obvious and 
standard argument there exists a countably compact subspace B c X such that A c B 
and IBI s 2K(). 
Now we can fix a countable family {fn: n E IV+} of mappings of X into spaces 
Y, such that if x’, x” E B and x’ # x”, then fn (x’) # fn (x”) for some n E N’. We can 
also choose a mapping f0 of X into a sequential space YO such that f U’fO( B) = B. 
It is well known that the product of any countable family of sequential countably 
compact Hausdorff spaces is a sequential space (see [ 141). It follows that the diagonal 
product of the mappings f”, where n = 0, 1,2, . . . , is a one-to-one mapping f of the 
space X into the sequential space Y = n { Y,: n E IV} such that f -‘f (B) = B. 
Themappingf,=f]B: B+f(B) is closed since the space Y is sequential; clearly 
fR is also one-to-one. Hence fn is a homeomorphism of B onto the subspace f (B) 
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of Y. The set f(B) is closed in Y since the mapping f is closed. Then the set 
B =f-‘f(B) is closed in X and also, being homeomorphic to f(B), the subspace 
B is sequential. 
Since A c B and A is sequentially closed in X the set A is also sequentially closed 
in B. Hence A is closed in B which implies that A is closed in X. 0 
Corollary 25. If a Hausdorflquasi-k-space is cleavable over the class of all Hausdorjf 
sequential spaces, then the space X is also sequential. 
A space X is said to be o-bounded if the closure of every countable subset of X 
is compact. Clearly every mapping of any w-bounded space into a Hausdorff space 
of countable tightness is closed. Hence we obtain from Theorem 15: 
Corollary 26. If X is an w-bounded Hausdorff space and X is cleavable over the class 
of all Hausdorflspaces of countable tightness, then the tightness of X is countable. 
The class of all w-bounded spaces is a subclass of the class of all countably 
compact spaces. Theorem 23 and Corollary 26 naturally lead to the following 
question: Is it true that every countably compact Hausdorff space which is cleavable 
over the class of all Hausdorff spaces of countable tightness is also a space of 
countable tightness? 
First we give some positive results in this direction. 
Let P?< be the class of all T, -spaces Y such that every countably compact subspace 
of Y is closed in Y. Obviously every sequential Hausdorff space belongs to P’,. It 
is also clear that if X E PC and X is countably compact, then t(X) d K,. It is well 
known that if 2”1~<2”1 or if Martin’s axiom holds, then every compact Hausdorff 
space from P’, is sequential. 
Proposition 27. lf a T,-space X is cleavable over the class 9,, then X E P,. 
Proof. Take any countably compact subspace A c X and fix a mapping f: X + Y 
such that YE P’, and A = f -'f (A). S’ mce f (A) is countably compact, f (A) is closed 
in Y It follows that the set A = f -‘f (A) is closed in X. Thus X E 9,. 0 
Corollary 28. If a countably compact Hausdorff space X is cleavable over P,., then 
the tightness of X is countable. 
A more general version of the last result: 
Corollary 29. Zf a Hausdorflquasi-k-space X is cleavable over 9,, then the tightness 
of X is countable. 
Example 30. Let ( Y, y) be a compact space of countable tightness and let y* be a 
nonisolated point in Y such that no sequence in Y\{y*} converges to y”. It is 
consistent with ZFC to assume that such a space (Y, 9) exists. 
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Consider the smallest topology 9’* on Y satisfying the following conditions: (1) 
9~ 9*, and (2) if AC Y\{y*} and A is countable, then ,y* is not in the closure of 
A in the space (Y, .7*). Then the space (Y 5*) is countably compact and the 
tightness of (Y, 5*) is uncountable (at the point y*); the identity mapping 
i : ( Y, y*) + ( Y, 9) is continuous and one-to-one. Hence ( Y, y*) is cleavable over 
the class of compact spaces of countable tightness. On the other hand the tightness 
of ( Y, 9*) is uncountable and the mapping i is not a homeomorphism. 
This example should be compared with Corollaries 26 and 28. Observe that the 
space (Y, y*) need not be regular but it is definitely Hausdorff. 
On the other hand we have 
Proposition 31. It is consistent with ZFC that every countably compact Hausdorff 
space which is cleavable over the class of compact spaces of countable tightness is 
sequential. 
Proof. It is consistent with ZFC that all compact spaces of countable tightness are 
sequential (see [6,8]). It remains to apply Theorem 23. 0 
Problem 32. Construct in ZFC a one-to-one mapping of a countably compact 
Hausdorff space X onto a countably compact Hausdorff space Y such that t( Y) s No 
and t(X) > K,,. Is it possible to find such X and Y among Tychonoff (among regular 
T, -) countably compact spaces? 
Problem 33. Is it consistent with ZFC that every countably compact (Tychonoff) 
space of countable tightness is sequential? 
Recall that a space X is said to be K,-monolithic [2] if for every countable subset 
AC X the space A has a countable network. 
Proposition 34. Every K,,-monolithic countably compact space X is sequentially 
compact. 
Proof. Take any sequence 5 = {x, : n E N+} in X. The closure of the set {x,: n E N+} 
in X is a countably compact space B with a countable network. It follows that B 
is a compact space with a countable base which implies that there exists a convergent 
subsequence in 5. 0 
Proposition 35. The product of any countable family {X,,: n E N+} of &,-monolithic 
countably compact Hausdorff spaces X, is an &,-monolithic countably compact space. 
Proof. By Proposition 34 all spaces X, are sequentially compact spaces. This implies 
that the product space X =fl {X,,: n E N+} is sequentially compact [14]. It follows 
that the space X is countably compact. Clearly the product of any countable family 
of K,-monolothic spaces is an K,-monolithic space. 0 
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Now we are in a position to prove the next assertion. 
Theorem 36. If a countably compact Hausdorfspace X is cleavable over the class of 
all HausdorfS k&-monolithic spaces, then X is also k&-monolithic. 
Proof. Let A be any countable subset of X. By a standard argument there exists a 
countably compact subspace B c X such that A = B c A and IBI 4 2KC). Since (BI s 2Nc) 
we can fix a countable family {fn: n E N+} of mappings of X into countably compact 
F&-monolithic spaces Y,, such that if x’, X”E B and x’ # x”, then fn(x’) #fn(x”) for 
some n E N+. We also fix a mapping f0 of X onto a Hausdorff &monolithic space 
Y,,. Clearly Y, is countably compact. 
Consider the diagonal product 
g=A{f,:n=0,1,2 ,... }:X+Y=fl{Y,,:n=0,1,2 ,... }. 
The mapping g is continuous, one-to-one and f-‘f( B) = B. The space Y is K,,- 
monolithic and the subspace f(B) c Y is countably compact. Since A is dense in 
B the set f(A) is dense in f( B). Taking into account that the set f(A) is countable 
and the spacef( B) is &-monolithic we conclude thatf( B) has a countable network. 
Since f( B) is countably compact it follows that f( B) is a compact Hausdorff space 
with a countable base. Hence the mapping fs =fl B: B+f(B) is closed and B is 
homeomorphic to f( B). It follows that B is a compact space with a countable base. 
So, B is closed in X and AC B. Hence A is also a space with a countable base. 0 
Observe that whilst proving Theorem 36 we also established the following result. 
Proposition 37. Let 97’ be a class of spaces such that the product of every countable 
subfamily of 8 belongs to 9’ and let X be a space cleavable over 9. Then for every 
subspace Y c X such that 1 YI c 2 % there exists a one-to-one continuous mapping of 
Y into a space Z belonging to B. 
We shall rely on this proposition in the proofs of the next two results. 
Theorem 38. If a countably compact space X is cleavable over the class of all compact 
Hausdorflsequential spaces, then X is also compact (and sequential). 
Proof. By Theorem 23 the space X is sequential. Let us show that X is o-bounded. 
Take any countable subset AC X. Since X is sequential and Hausdorff we have: 
IAl s 2Kll. The class of all compact Hausdorff sequential spaces is countably produc- 
tive which permits us to apply Proposition 37. It follows that there exists a one-to-one 
mapping f of the space B = A into a compact sequential space Y. Since B is countably 
compact the mapping f is closed and B is homeomorphic to the closed subspace 
f(B) of the compact space Y. Hence B is compact and X is w-bounded. 
Let us assume now that the space X is not compact. Since X is w-bounded one 
can find a free sequence 5 = {a,: (Y <w,} in X of length w, (see [2]). Put 
M = [{x, : a < w,}]~<, = u{{xp : p s a}: a < co,}. 
Obviously the subspace M is countably compact. Since X is sequential and 
Hausdorff we have: 1 MI s 2”[1. 
Again by Proposition 37 there exists a one-to-one mapping f of M into a compact 
Hausdorff sequential space Y. Then the mappingfis closed and M is homeomorphic 
to the subspace f(M) c Y which is closed in Y. Hence {f(x,,): cy <w,} is a free 
sequence in Y of length w,-which is impossible since Y is compact and 
f(Y)GK”. 0 
Example 39. Take any Frechet-Urysohn compact Hausdorff space X containing a 
nonisolated point x* such that the subspace Y = X\{x*} is pseudocompact. Fix a 
point y* E Y and take the quotient space 2 obtained from X by identifying the set 
{x*, y*} to a point. The identity mapping i of Y onto 2 is one-to-one and continuous 
while it is not a homeomorphism. Thus Theorem 38 cannot be extended to the class 
of all pseudocompact Tychonoff spaces. 
Shakhmatov [ 131 and Rezhicenko have constructed pseudocompact Tychonoff 
spaces in which all countable subsets are closed. It seems worthwhile to observe 
that one cannot get such a topology by means of strengthening the topology of a 
compact Hausdorff Frechet-Urysohn space. This is clear from the next result. 
Theorem 40. Assume 2K~l < 2”1 and let f be a one-to-one mapping of an injinite 
pseudocompact space X onto a compact HausdorfS Frkchet- Urysohn space Y. Then 
there exists a nontrivial convergent sequence in X. 
Proof. The set B of all points YE Y at which the space Y satisfies the first axiom 
of countability is dense in Y (see [ 1,2]).Hence B is infinite. The set A =f-‘(B) is 
also infinite and it is easy to see that the space X satisfies the first axiom of 
countability at all points of A. If at least one point of A is nonisolated in X we are 
done. Suppose, for a contradiction, that all points of A are isolated in X. Then A 
is open in X and Z = A is a pseudocompact subspace of X. Fix a point x* E A\A. 
Since Z is pseudocompact and all points of A are isolated in Z, for every infinite 
subset M = A we can find a limit point in Z. 
Assume now that there exists no sequence in A converging to x”. Then for every 
infinite subset M c A there exists a point of accumulation in the space Z* = Z\{x*}. 
The same is true for infinite subsets of the set D =f(A) in the space f(Z*). Since 
Y is a Frechet-Urysohn space it follows that f(Z*) is closed in Y. On the other 
hand f(x*) Ef(Z*)\f(Z*)-a contradiction. 0 
36 A. VI Arhangel’skii 
In connection with the last result the following question arises. 
Problem 41. Does there exist a Tychonoff pseudocompact topology Y* on the 
E-product X of an uncountable family of segments which contains the ususal 
topology of the E-product and such that all countable sets are closed (and C*- 
embedded) in (X, F-“)? 
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